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Abstract: 
In this paper Modified gravity is studied over the weak field linearized metric perturbation in 
post-Minkowskian theory. This is a different aspect for two body dynamics without taking 
usual self force originated from the radiative backscattering of gravitational waves. The new 
multiplicative approach to determine the background metric of curved space-time for two 
different massive sources is computed in post-Newtonian theory. The theoretical result is 
checked for galactic flat rotation curve and is very good agreement with solar rotational 
speed.  
 




In studying the result for flat rotation curve of distant stars of galaxy after Vera Rubin et al, 
[1, 2] the concept of dark matter arises [3]. Also another candidate replacing the dark mater 
hypothesis is the Modified Newtonian Dynamics (MOND) by Milgrom [4] in an empirical 
level. In post Newtonian concept possibly the best-studied modified gravity without dark 
matter accounts for Scalar-tensor theories [5, 6] and TeVeS, the tensor-vector-scalar theory 
proposed by Bekenstein [7]. But its successes not free from shortcomings as discussed by 
Sanders [8]. 
Let us go for a completely new paradigm, the motion of the small compact object is not like a 
point mass moving along geodetic in the fabric of space time described by massive black hole 
following linearized Einstein’s equation[9]. We must take into account the gravitational 
effects of the mass of the compact body which deform the curved space-time. The self gravity 
of the small body perturbs the space-time created by gravity of large black hole in absences 
of the compact body. The linearized Einstein’s equations can be implied for weak 
gravitational field with non relativistic velocities of the point particle. In context of strong 
gravitational fields, large orbital velocities, need fresh approach over Post-Newtonian theory 
and numerical relativity. 
The computations of Self-force [10] approach(force for back reaction) must be done  in 
curved space-time, one might begin a treatment of gravitational self-force by considering a 
metric perturbation, hμν in a background metric, g𝜇𝜈 sourced by the stress-energy tensor of a 
“point particle” of mass [11]. 
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The above clues prompt to think over post Newtonian dynamics for self gravity (not to be 
confused with Self Force). The perturbation acts on the compact object and alters its motion, 
which is no longer geodesic in the space-time of the large black hole and in the following that 
will be introduced in a multiplicative perturbation approach to study two body dynamics. 
Especially the rotations of galactic stars are computed around super massive black hole 
(SMBH). 
 
2. Introduction of multiplicative perturbation approach: 
Here a two body dynamics is considered over the resultant composite metric, unlike the 
background metric of the spacetime curvature formed only by the massive one. Without 
ignoring the effect of the small mass which also perturbates the background spacetime fabric, 
the new metric is formed in an inductive way. 
The line element in a general coordinates system, 
    ds2 = gμνdxμdxν                                                              (1) 
Where the space-time metric in linearized theory is nearly Cartesian that of perturbed over 
flat space-time [9, 12, 13],  gμν  = (ημν + hμν)                                                    (2) 
The hμν  are assumed to be so small that all expressions can be linearised with respect to the hμν and their derivatives of hμν. 
Choosing orthogonal coordinate system, the flat spacetime Minkowski metric [12, 13], 
                           ημν = ( −1  0   0   0    0  1  0    0    0   0  1   0     0   0   0  1 )                                                   (3) 
The linear perturbation in matrix form, 
                             hμν = ( h00   0    0    00    h11   0    00     0    h22  0 0    0    0    h33 )                                               (4) 
The linearized representation of the metric in a curved space-time can be placed in a little 
tricky way as the multiplicative factor with initial metric that is the Minkowski metric.   
                            gμν = ημν[𝟙 + ημνhμν]                                                      (5) 
Square bracket tells about the deformation of unit scale in curved spacetime corresponds to 
the flat space-time or Minkowski space-time, not using Einstein summation convention. 




       ημνhμν = ( −1  0   0   0    0  1  0    0    0   0  1   0     0   0   0  1 ) (
h00   0    0    00    h11   0    00     0    h22  0 0   0    0    h33 ) = (
−h00 0   0   00    h11  0    00    0   h22  0  0    0   0   h33 )    (6) 
Implying equation (5) for two body system, where the fabric of background spacetime for the 
mass ′M′(source 1) is perturbed by the weak field self gravity of the mass ′m′(source 2) and 
considering the initial metric get changes as the same fashion in a multiplicative way so that 
new metric will be   
               gμν = ημν[𝟙 + ημνhμν(1)][𝟙 + ημνhμν(2)]                                              (7) 
The equation (7) is obvious in regard that offing any one of the sources from the system 
reproduces the corresponding metric for the existing single source in the linearized 
perturbation theory. 
 
3. The geodetic motion: 
The geodetic motion from least action principle [11, 12] in a curved spacetime is 
                             
d2xμdτ2 + Γρσμ dxρdτ dxdτσ = 0                                                        (8) dτ → proper time, (xμ;  x0 = ct, x1 , x2, x3)          
Light speed in vacuum, c = 2.99 × 108 meter. sec−1 
The affine connection, 
                       Γρσμ = 12 gμν (∂gνσ∂xρ + ∂gνρ∂xσ − ∂gρσ∂xν )                                               (9) 
For weak field approximation in nearly Cartesian coordinates system [14]  
                       
d2xidt2 = 12 c2𝛁g00                                                                         (10) 
                       
d2xidt2 = 12 c2𝛁h00                                                                         (11) 
Equation of motion using Newtonian mechanics for freely falling body, 
                       
d2xidt2 = −𝛁φ                                                                              (12) 
                               Gravitational potential, φ = − GMr  
Gravitational constant, G = 6.673 × 10−11  𝑚𝑒𝑡𝑒𝑟3𝑘𝑔−1𝑠𝑒𝑐−2 
                       𝛁φ = − 12 c2𝛁g00                                                                       (13) 
                       h00 = − 2φc2                                                                                 (14) 
Then from equation (14) the perturbations for two different masses  and m,  
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 h00(1) = 2GMc2r     ;         h00(2) = 2Gmc2r0 
But for these two sources using equation (7) the perturbed metric has the component  
           g00 = −1 + (h00(1) + h00(2)) − h00(1)h00(2)                                                    (15) 
Where h00 is dimensionless and equation (15) contains nonlinear multiplicative perturbation 


















Rotation of star of mass m around SMBH of mass M 
 
In our system Fig.1,  M ≫ m , r ≫ r0  and     |h00(1)| ≪ |h00(2)|                                    
Using equations (13) and (15) implies modification of gravity 
   |−𝛁φ|r1| = |(GMr12 + Gmr02) −  (2G2Mmc2r12r0  +  2G2Mmc2r1r02)|                              (17) 
The equation (17) is quite interesting as it is not giving the resultant gravitational field just as 
the Newtonian gravity rather it consists additional two terms 
      𝒓𝟎     
       m 
            
        
          M 
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 2 (− G2Mmc2r12r0  +  G2Mmc2r1r02) , that gives birth the so-called modification over self gravity, where 
each individual field is enhanced by the other source. 
At r2 the field becomes  
  |−𝛁φ|r2| = |(GMr22 + Gmr02) − (2G2Mmc2r22r0  + 2G2Mmc2r2r02)|                                 (18) 
Now in case of geodetic motion we consider the path traced by the point mass ‘m’ i.e. the 
world line in the background of spacetime created by the mass M ≫ m. But in real situation 
the mass  has significant physical size and shape hence the geodetic path of the physical 
body can be described over world tube [15].     
 
4. The motion through world tube: 
Let us consider a so called static spherical massive body having significant size. The space-
time curvature that builds gravitational field at the surface around the whole sphere is same 
and also the energy density. If there is little imbalance of energy density then there must be a 
force on the body that will lead the body along world tube. 
Here our choice of r0 is the radius of the spherical body of mass m which is placed on the 
background of spacetime fabric of the mass ‘ ’. From equations (17) and (18) between two 
opposite elementary surfaces there manifest an imbalance in gravitational energy density [16]  
for each and every spherical shell elements embedded in the corresponding gravitational 
field. The imbalance in energy density for each pair of elementary surfaces is function of 𝐫 
and 𝐫𝟎. |𝛁φ|𝟐|r1−|𝛁φ|𝟐|r28πG = |𝛁Φ|2(𝐫0,r)8πG                                                               (19) 
Here Φ  is the assigned equivalent potential corresponds  to the unbalanced energy density 
with corresponding field −𝛁Φ that pushes the elementary pair.  
The Newtonian mechanics allows us to present the equation of motion for the shell element 
as |𝛁Φ|𝟐(𝐫0, 𝐫) = 𝑣4r2                                                                                  (20) 𝑣 is the rotational speed with radius of curvature ′r′  
 
5. The galactic rotation curve for Sun:  
As an example of the two body extreme mass ratio problem we can choose the galactic super 
massive black hole (SMBH) to Sun. 
Solar distance from galactic centre, r1~ r2~1020 meter [17] 
For SMBH of our Milky Way galactic centre, M = 4 × 105Mʘ [18] 
For Sun, r0 = Rʘ= 6.957 × 108 meter[19, 20] 
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 m = Mʘ= 1.988 × 1030kg[19, 20] 
  surface gravity, gʘ = GMʘRʘ2  = 2.74 × 102 meter. sec−2[20, 21]  GMr2 ~10−15  meter. sec−2 GMʘRʘ2  = gʘ~102 meter. sec−2 G2MMʘc2r1,22Rʘ ~10−22 meter. sec−2 G2MMʘc2r1,2Rʘ2 ~10−10 meter. sec−2 
Thus for distant star like sun we could ignore the first and third terms in the equations (17) 
and (18). From equations (19) and (20) only considering the asymmetric part for whole object 
with rotational velocity v, we have v4r2 = 4GM〈g02 r0〉c2r2                                                                               (21) 
The average for spherical massive body having uniform density (appendix-I), 
                   〈g02 r0〉~ 132 gʘ2  Rʘ                                                                           (22) 
         v4 = GM gʘ2  Rʘ8c2                                                                           (23) 
The rotational velocity of Sun around the galactic centre is computed as    v = 249 𝑘𝑚. 𝑠𝑒𝑐−1 , quite relevant as far as recent observation [17, 22, 23, 24], though IAU 
recommended rotational velocity is220 𝑘𝑚. 𝑠𝑒𝑐−1[𝟐𝟐, 𝟐𝟓].                                                                     
 
Conclusion: 
The modified gravity from self gravity for two gravitating bodies is derived in terms of 
linearized Einstein metric. Here perturbation is introduced in multiplicative way for each of 
the masses; the result in this approach is satisfactory for two body dynamics especially from 
equation (23) the independence of distance to radial velocity or rotation curve for large 
distant galactic stars there is no need of theory for modification of Newtonian dynamics 
MOND by Milgrom [4] Further we could skip the dark matter concept in describing the 
violation of Newtonian gravity to describe the flat rotation curve [1, 2]. The widely reported 
mass of the Milky Way SMBH is ~4 × 106Mʘ[𝟐𝟔 ], observation is not free from the self 
gravity of the rotating star near the galactic centre, so preference is given to the lowest order 
measured value to compute the suns rotational velocity. Further computing the rotation of 
sun, all the effects for other massive objects like other black holes or stars in the galaxy are 
discarded, because the equation (15) tells self gravity effect is quadratic in linear 
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Gravitational self-force over the linearized metric perturbation for two body dynamics 
Appendix-I 
In arriving to the average value as in equation (22) of the self force for a homogeneous spherical 
body, let us follow the steps using the following Figure. 
 
                                               -( ) g 
                                         
 
                              - ( ) gsin 𝜃                         P 
                                                                  𝑑𝜑 
 
 




The effective term as in equations (17) and (18) 
 −  2G2Mmc2r 1.2𝑟2 = − ( 2GMc2r1.2) g= −𝑓 (r1.2)g 
Surface element at point, P on the annular ring, 𝑑𝜎 = 𝑟𝑑𝜃. 𝑟 cos 𝜃. 𝑑 𝜑 
Due to asymmetry only non-vanishing term of gravitational field that contributes to unbalanced 
force on the hemispherical shell ∫ g sin 𝜃 . 𝑑𝜎 = g 𝑟2 ∫ sin 𝜃 . cos 𝜃 . 𝑑𝜃.𝜋 2⁄0 ∫ 𝑑𝜑2𝜋0 = g π𝑟2 
Area of hemispherical shell is 2π𝑟2 
The average force field   g𝑎𝑣=  1 2 g  
Now considering the homogeneous matter density for spherical body ‘g’ is proportional to radius ‘r’. 
Taking   r=kg𝑎𝑣; k is constant, for the whole sphere, 〈g𝑎𝑣2𝑟〉 = 〈𝑘8 g3〉 = 𝑘8 ∫ g3.𝑑gʘ0 g∫ 𝑑gʘ0 g  = 132 gʘ2  Rʘ, where gʘ 𝑎𝑛𝑑  Rʘ the surface gravity and radius of the 
spherical body respectively. 
 
 
